dx1e

= = —2x30 + 2x9? (I11-10)
B e+ 2, (uL-11)
dxyy
2 = —2x15 + 4xs (111-12)
dt
dxys
— = —0x5 + 4x6 (IH'IS)
dt
é'x—lé = =3x14 + 2x10 (111-14)
dt
dx)s
3t —dx)5%22 + 2x10 (II-15)
dxie
9516 _ ok 6 + 4x1s (L11-16)
dt
dxy7
- = —3x17 + 2x12 (111'17)
dt
L SR W (11-18)
dt
dxlg
—— = —2x19 + 3x20 (111-19)
dt
dxgo
— = —3x20 + 3x14 (111’20)
dt
B g + x5 (111-21)
dt
dxgs
it = —4x)5%22 + 4x9) (111-22)
dxzs
g —3xgs — 4xg3 + 3x13 + 3x17 (I1-23)

B9 _ o0+ dngs (111-24)

di
c%%é = —2x95 + 2216 + 2239 (111-25)
22 J N (I11-26)

dt
%2—7 = —dxg7xg5 + Bx51 (I11-27)
9% _ o0 + B3 (11-28)

dt
B9 ro + 2108 (111-29)

dt
%9 = —dxgo + 424 + Stgo (111-30)
‘2‘—% = —2xq; — %1 + 4%s30 (111-31)
%—ts—% = —dxy7xgs + 4x2 (111-32)

The system was first partitioned, giving two small loops and one
large loop. LOOP 1 consisted of Eqs. I11-9, I1I-10, [1I-13, I1I-14 and
111-20 in which Eqs. 111-9 and ITI-10 are nonlinear. LOOP 2 was
made up of Eqs. 111-18, 111-24, 111-26, 111-30 and I11-31 all of which
are linear. Once these blocks were isolated they were collapsed into
single nodes leaving one large cycle, LOOP 3, consisting of all of
the remaining equations.

The constant ko was varied to make the system stiff. Solutions
were obtained for ko = 3 (non-stiff) and for ks = 50 and ky = 1000
which made LOOP 3 stiff. Eigenvalues were not calculated because
stiffness was obtained (and proven) in this manner for Example
L

Reduction of Thermodynamic Data by
Means of the Multiresponse Maximum

Likelihood Principle

The statistical behavior of some common parameter estimation methods is in-
vestigated by simulation. The methods based on the maximum likelihood principle
give the best estimates of parameters in a given model. An analysis of the possi-
bilities for detecting systematic errors by means of the maximum likelihood method
showed that this method gives at best the same information as other well known

tests.

SCOPE

In recent years several methods have been proposed for the
reduction of binary vapor-liquid equilibrium (VLE) information.
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A VLE data point gives information either on the full set of
variables (x,T,y,P) or on a subset of the variables (e.g., x,T,P).
According to the Gibbs’ phase rule there are two independent
variables (e.g., x,T) in each binary VLE data point. Two vari-
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ables are therefore dependent variables (e.g., y,P) when all four
variables are measured in each data point. In case of measure-
ments of a subset of the information, only one of the variables
is a dependent variable (e.g., P).

Some of the methods which have been proposed for the re-
duction of VLE information are simple while others are more
sophisticated. The methods based on the maximum likelihood
principle belong to the latter group.

The maximum likelihood principle as applied by several in-
vestigators is based on the following assumptions:

1. Experimental errors are small.

2. Experimental errors are independent of one another, both
within a given data point and from point to point.

3. The fitting equation (mathematical model) is able to rep-
resent the true values with deviations of an order less than
the order of the experimental errors.

4. Experimental errors display a normal (Gaussian) distri-
bution with zero mean from the true values.

A number of apparently different methods have been derived
using the maximum likelihood principle. Some of these methods
include only one response, i.e., one of the two dependent vari-
ables (e.g., y) while others include two responses (e.g., y and

It has previously not been clear if the use of the more so-
phisticated methods is only a question of taste or whether we
lose some important information when not applying them.
Furthermore, it has not been clear whether the apparently dif-
ferent methods based on the maximum likelihood principle and

using the same amount of experimental information are iden-
tical,

In a recent paper Kemény and Manczinger (1978) present a
comparison of several methods for reducing data for subsets.
It was shown that any method derived from the maximum
likelihood principle leads to the same set of estimated param-
eters.

This work contains a review of methods based on the multi-
response maximum likelihood principle, i.e., the maximum
likelihood principle used for problems with more than one re-
sponse. A derivation is given of a method which uses the error
propagation law. This type of method is compared to an alter-
native method by Anderson et al. (1978) which does not use the
error propagation law. The latter method estimates the true
values of the variables as well as the model parameters.

Eight different, widely used methods are compared through
simulation studies in order to illustrate their statistical proper-
ties and thereby decide which type of method to be recom-
mended. The eight methods include methods with or without
weighting and methods for reduction fo full data sets (x,T,y,P)
as well as methods for reduction of subsets.

The method by Anderson et al. (1978) gives estimates of the
true values of the variables and the parameters. The differences
between the estimated true values of the variables and their
experimental values might give some information on the sources
of systematic errors due to systematic experimental inaccuracies
or errors in the model used to reduce the data. We have therefore
carried out two simulation studies with this estimation method
applying the two above-mentioned types of systematic errors.

CONCLUSIONS AND SIGNIFICANCE

It is shown that any parameter estimation method properly
derived from the multiresponse maximum likelihood principle
and using the same amount of information will lead to identical
estimates of the parameters.

A survey on the computational aspects indicates that methods
with error propagation and methods without error propagation,
but with estimation of the true values of the variables as well
as the parameters, are of comparable complexity from a com-
putational point of view.

A simulation study on several VLE systems shows that a
method with proper weighting according to the maximum
likelihood principle and the error propagation law is superior
to similar methods with improper weighting or no weighting
at all. This conclusion holds for methods using subsets of the

information as well as for methods using the full information
in each data point. Furthermore, methods which use the full

information and weights derived from the multiresponse max-
imum likelihood principle are superior to any other investigated
method. These methods are therefore to be recommended since
they assure that maximum information is stored in the estimated
parameters.

Methods which estimate the true values of the variables and
the parameters give poor information on the source of system-
atic measurement errors. If the model is inherently able to
represent the true values of the variables it is possible to obtain
an indication of whether systematic measurement errors are
present. This information could also be obtained from an ordi-

nary point to point consistency test of the type recommended
by Van Ness et al. (1973).

Systematic errors introduced by model deficiencies are de-
tectable by means of the estimated true values of the variables.
This detection assumes that the data contains no systematic
measurement errors since the two types of systematic errors, i.e.
model deficiencies and systematic measurement errors, cannot
be separated. Detection of model errors is especially useful for
model comparison. For this purpose the value of the objective
function is as informative as the estimated true values of the
variables.

The use of a method which leads to estimation of the true
values of the variables gives no information which could not be
obtained by other well known tests of the data or the considered
models. This type of method gives merely a possibility of per-
forming consistency tests, model evaluation, and parameter
estimations using the same parameter estimation method.

The multiresponse maximum likelihood methods presented
in this paper can readily be extended to other types of infor-
mation. Although this work has focused on problems with two
independent and two dependent variables the principles pre-
sented in the derivation of the methods are general and appli-
cable to any number of dependent as well as independent
variables.

The sophisticated treatment of experimental data, which is
here exemplified by the principle of maximum likelihood, does
not change the fact that there is no way of making good pa-
rameters out of low quality data.

REVIEW OF SOME POSSIBLE MAXIMUM LIKELIHOOD
METHODS

In thermodynamics a number of papers have during the last
decade dealt with parameter estimation based on the maximum
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likelihood principle. As a result of these works a variety of ex-
pressions has appeared stating which functions to be minimized
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in order to compute the optimal values of the parameters in
question. Throughout this paper such expressions are called criteria.
Below, we present a few well known criteria and we give a deri-
vation of another possible criterion.

Schubert’s method

Schubert (1974) was the first to propose a maximum likelihood
criterion for the reduction of all four variables of a vapor-liquid
equilibrium measurement. His work was based on results of Box
and Draper (1965), and Hunter (1967). Schubert used P, GE/R¢,
In{7y1/73), and y as dependent variables. His determinant criterion
does not contain information on the measurement precision and
on the mutual dependence of the variables (the covariance matrix).
His criterion is based on the assumption that the covariance matrix
is constant. This is not true, even if the variances of the direct
measurements (x,T,y and P) are constant (Van Ness et al., 1973;
Ulrichson and Stevenson, 1972.) Furthermore, the Schubert cri-
terion contains four dependent variables instead of two. A binary
VLE system has two degrees of freedom, and two variables are
therefore independent while the remaining two must be dependent
variables.

Method of Kemény and Manczinger

In a recent paper Kemény and Manczinger (1978) heuristically
extended the methods of Box and Draper (1965), Hunter (1967),
and Schubert (1974) taking into account the variances of both de-
pendent and independent variables and allowing them to vary from
measurement to measurement. Their criterion is,

(ln Ju_y, 7—‘)2

n\ Y Yau n (Py—Py)? _

> 2 p = min (1)
i=1 Olatny1/v2)i i=1 (APY

The 0% variances are to be calculated by the error propagation
law,

O(AY))
vy = El (_OZ_ ol (2)
. i
where:
AY; = difference between the experimental value Y; and the

estimated value Y; of the I'th dependent variable. This
difference is called a residual.
Z; = directly measured variable (x,T,y, or P) with index j.

Equation 1 neglects the slight interdependence of the dependent
variables due to errors in the independent variables, as represented
by the covariance term

O(Alny1/v2,AP).

Method of Fabries and Renon

Bard and Lapidus (1968) present the following criterion,
S (AD)T Cov(AY),
1=1

n T T ~ -
=Y X 3 CoviHAY;),(AYi), =min (3)
=1 j=1 k=1
where

Cov; = covariance matnx of the (AY), residuals. CoviF is the
7.k’th element of Cov;?

It is essential for the derivation of Eq. 8 that the experimental
errors of the dependent variables are independent of each other
and that they follow normal distributions. Fabries and Renon
(1975) take the two activity coefficients as dependent variables (Y14
= Yu,Yg = ). The activity coefficients contain products and
other nonlinear combinations of the normally distributed variables,
x, T, y and P. It is assumed that the experimental errors of the ac-
tivity coefficients follow the normal distribution law and that the
errors are independent of each other. Criterion 3 is heuristically
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extended to the case of independent variables subject to errors. The
elements of the Cov, covariance matrix are expressed from the
error propagation law. The diagonal elements are calculated from
Eq. 2 while the off-diagonal elements are calculated from

O(AY))| [2(AYy)
= 3 [PA3] 85

(Z!)i (4)
Assuming that the errors on the measured values of x, T, y, and P
follow the normal distribution law the resulting errors on y; and
2 (which cannot be presented by a linear combination of x, T, y,
and P) do not follow the normal distribution law, and they are not
independent of each other. Nevertheless, the resulting criterion
5 of Fabries and Renon represents a correct combination of the
principle of maximum likelihood with error propagation.

(A D20dasq +

2 2
=1 O {85150 (Adex —

(AYo)iotasy — 2(AF D)i(A%2)i0(a31,492)
(0(a51,8920)°

M=

=min (5)

Based on the estimated parameters Fabries and Renon estimate
the true values of the measured variables minimizing the following
sum of squares in each measurement point

SSQ = Z (_ZI;ZJ)_ 6)

i=1 UZ;

with two equality constraints due to the equilibrium conditions.
(See Eqs. 8and 9.)

Method of Andgrson et al.

Anderson et al. (1978) use the maximum likelihood criterion for ‘

variables taken from normal distributions with known vari-
ances,

nor (A} » AR ) )
33 B, § 3 R g
i=1j=1 O{y) i=1k=1 O(Xxx

where Y designates dependent variables (j = 1,2, . ..
designates independent variables (k = 1,2, . . ., s). For VLE data

x and T are chosen as independent variables and y and P as de- -

pendent variables. The minimization of Eq. 7 with respect to the
parameters and the variables is carried out taking into consideration
the two constraints,

0 )
p= 751‘Y1P(1)ﬁ + xz‘}’ngﬂ (8
d1 o2

1
1 + ¢193xsY2P3/ d203x1Y1P]

where the Poynting correction terms have been neglected. The
criterion of Anderson et al. (1978) leads to estimates of the true

=

values of the variables as well as the parameters. Equation 7 may

be extended to other types of information related to the model
under consideration (e.g., HE, LLE, v* etc. when a GE model is
considered). The additional terms in the criterion are defined by
the additional measured variables plus constraints.

A Derivation of a Criterion with Error Propagation (cf., Kemény,
1980)

Box (1970) gives the following maximum likelihood criterion,

3 Yo

i=1 j=1 k=1

"(AY % (AYy); = min (10)

which is a generalized version of the criterion 7 used by Anderson
et al. (1978).

The errors in the dependent variables are defined by,
€ = ng -Y (ll)

where Y;, stands for the true value. The expected values (E) of the
errors are assumed to be given by,
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E(Eﬁ) = 0 E(eﬁfk{) = Olf] # k E(éﬂéﬂ) =0if4 = l

Equation 10 is transformed in such a way that one minimizes
not the residuals of the directly measured variables (AY )i, but the
residuals of some functions of them (AF 1) The extended criterion
takes into account the errors in the independent as well as the de-
pendent variables. For the derivation of Eq. 12 see Appendix 1.

n T T

2. 2 Z (AFj)l(AFk)i = min (12)
=1 §=1 k=1

where 57* is an element of the inverse of the covariance matrix

Cov,(AF). The general element of the covariance matrix is defined

by,
ok = E[(AF;){AF )] (13)

The resultant errors (AF;); have two sources: the errors in the Y;
dependent variables (eﬂ) and the errors in the Xj; independent
variables () in point { which have the same expected values as
€y (Eq. 11). Using the error propagation law one gets,

(AF; 3(AF;)
(AF;), = Z[ ] +1§1 ox;

To express the expected values defined by Eq. 13 let us rewrite
formula 14,

5[ (14)

r+s

(AF;), = g Cjriton (15)
where
Ci = b(AF )] wy =€y for k=1,
Ci = bb(Xk_,)]t; Wit = O((k~ry for k=1+4r...,r+s

The elements of the covariance matrix are,
(o) = Z Cqukh oy
with -
ou? = E(wy?)

In the general case (AF;), is a function of all the dependent and
independent variables,

(AF)) = gi(Yu.Yai, .., Y5 X1 Xop, ..., X)) (A7)

If the error (AF;), is a function of only one of the dependent
variables and of the independent variables of point , that is,

(AF)); = gi(¥5, X1, X, . .., Xat) (18)
the diagonal elements of the covariance will be glven by,
O(AF)))|2
(03 = [ 2AAF) ‘fmn + Z [ ] 4 L))
The off-diagonal elements are given by,
= ¢ |AAE))| [2(AFy)
(o) = & Tox, ] [ ox; s o (20)

since

AAF)] _
[bYk i 0ifj =k

and according to Eq. 18
CuCry=0ifj =k, j<r,andk <7

In the more general case (Eq. 17) where (AF;); contains several
dependent variables the expression (Eq. 20) must be extended

by,
. [3(AF))| [o(AFy)
lz=:l [ oY, i [ e} ]

whereas the first term on the right hand side of Eq. 19 is substituted

0 By @1
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by,
b3 @—FL] . (22)

This correct variant of the estimation criterion (Eqgs. 12, 17, and
19-22) was used by Péneloux et al. (1975) without presenting the
derivation of their formulas. Their F transforms of the dependent
variables are, Fy = In7y; /73, Fo = GE/RgT. Fabries and Renon’s

(1975) criterion corresponds to the transforms, Fy = 7y, Fa = v,.
We make the following choice of the transforms,
Fi=Invy,/vs Fz=P (23)

which is advantageous because F; contains only the first dependent
variable (y), and F; contains only the second one (P).
The resultant criterion is,

Z O'(APlg(Aln 71/724 + i 0-(ZAln-yl)/yz)(AP)i2

i=1 D i=1 D
9 i (T(Aln'yl/n,Al’)i(ADln Y1/ v2li(AP); = (24)
i=1
where
D = Cov,; = 02Aln71/72)(U(AP)l (0(alny/v2.0P%)? (25)

since

Coy; = (U(zAln.ﬂ/w)o ‘T(Alnw/n,APh) (26)
L0V 2
. O (Aln Ti/v5.8P)  Olapy

The elements of the Cov; covariance matrix are given by,

a(nyi/v2)]  [o(nd1/42)] |2
0’2Aln71/72)4 [{ ‘;;/72 . - [ ‘;;/72 ]'] ‘734
la(ln’h/’Yz)] _ oy i/%2l |2
+ T |s Yo L
ollnyi/v2)i? ,
—_— 27
* [ oy i Tu @)
oP oP
Olapy = (_b—x.); o2 + OT) 0%, + o}, (28)

[anyi/ya)] [5(111‘71/‘?2)] ] (0_13) 52
i i

O(Alnyy/v2,AP) = [l ox ox ox) 7

d(Iny,/v2)] _ [2n¥41/%2) 91_3
+{ oT | [ oT -](aT)-”zT‘ (@9)

The proposed criterion (Eq. 24) differs from the criteria of
Fabries and Renon (1975) and Peneloux et al. (1975) by the choice
of F transforms, and their common basis has a strict mathematical
derivation. (See Appendix 1.) The criterion is also identical with
that of Anderson et al. (1978) as indicated in Appendix 1.

Criterion 24 can be extended to other types of information re-
lated to the considered model. The necessary additional terms in
the extended criterion must be derived through proper use of the
error propagation law.

COMPUTATIONAL ASPECTS

As indicated in the previous section and in Appendix 1 any
correctly derived multiresponse maximum likelihood criterion
based on a given amount of information will lead to identical model
parameters. However, each of the possible criteria will possess
advantages and disadvantages when combined with a specific
optimization algorithm.

We will therefore give a short survey of the computational as-
pects of two alternative criteria, namely the criterion by Anderson
et al. (1978) and the criterion developed in this paper using the
error propagation law (Eq. 24).

Anderson et al. Criterion

The criterion by Anderson et al. (Egs. 7-9) leads to minimization
of a sum of squares with two implicit constraints in each data point.
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The constraints are implicit since the fugacity coefficients depend
on y and P in addition to T. A common solution to constrained
optimization problems is the use of Lagrange multipliers (Kowalik
and Osborne, 1968). Each constraint is introduced into the criterion
by means of an additional parameter, the Lagrange multiplier. The
resultant minimization problem is solved without any discrimi-
nation between dependent and independent variables.

However, constrained optimization is in general very camber-
some when compared to unconstrained optimization and a trans-
formation of the problem is therefore desirable. Anderson et al.
(1978) note that the implicitness of the constraints can be elimi-
nated through the following assumption,

#(§,T.P) = &(y,T,P); (30)

Equation 30 states that the fugacity coefficient at the estimated
true values of the variables is about equal to the fugacity coefficient
at the experimental values of the same quantities. The constraints
(Eqs. 8 and 9) are now explicit equations of the following form,

Yﬂ = f',,(}z,,a) ] = 1, R (31)

where # is the estimated parameter vector.

The constraints can now be substituted into the criterion 7, and
the minimization problem is henceforth unconstrained. (See Eq.
82.) To solve the minimization problem Anderson et al. (1978)
linearize the constraints (Eq. 31) by expanding them into Taylor
series and inserting the resultant constraints into the criterion. The
resultant criterion is differentiated with respect to the elements
of f and X and the derivatives are set equal to zero. This set of linear
equations is solved for f and X, and the solution is substituted into
the linearized constraints and so on. This iteration procedure is of
the Newton type, and the convergence is therefore fast from good
initial guesses while it may fail starting from poorer initial
guesses.

Skjold-Jgrgensen (1980) combines the effective and reliable al-
gorithm for unconstrained optimization of sums of squares by
Levenberg and Marquardt (Kowalik and Osborne, 1968) with the
unconstrained transform of the criterion by Anderson et al.

v \2
i=1 =1 0'()',)¢ =1 k=1 O(xpy

The optimization algorithm requires first derivatives of criterion
32 with respect to X and 0. The resultant Jacobian matrix is sparse
since the variables in a specific data point are independent of the
variables in all other data points. By taking this sparsity into con-
sideration the required number of computer storage units is re-
duced by more than 90%. Furthermore, Skjold-Jgrgensen divides
the minimization into two steps. ’

In the first step the § parameters are estimated with the inde-
pendent variables X fixed at their experimental values. Each it-
eration requires oﬁry knowledge of the partial derivatives with
respect to the parameters . The second step of the minimization
procedure leads to the final estimates of the parameters ¢ 8 as well
as the independent variables X. This step requires the partial de-
rivatives with respect to the independent variables in addition to
the partial derivatives with respect to the parameters. However,
according to our experience the second step is finished within a few
iterations (typically five iterations) due to the excellent initial values
of the optimized quantities and to the linear end convergence of

the Levenberg-Marquardt method. The described parameter es-
timation procedure converges even from poor initial estimates of
the parameters 6.

Criterion Derived in this Article

Criterion 24 is no sum of squares, and the special optimization

algorithms for such problems (e.g., Levenberg-Marquardt) are
therefore not applicable. The criterion is to be minimized only with
respect to the parameters § B. The true values of the independent
variables X are not estimated, and Yhe complexity of the problem
is thereby considerably reduced. Information about the influence
of the independent variables is included in the criterion through
the error propagation (Egs. 27-29). The minimization of Eq. 24
leads inevitably to the calculation of the first partial derivatives of
tl’ll)cle dependent variables with respect to the independent vari-
ables.
" Kemény (1980) uses a search method to minimize Eq. 24 (e.g.,
the Hooke and Jeeves method, 1961). No partial derivatives with
respect to the estimated parameters § are therefore required. The
partial derivatives needed for the error propagation (Eqs. 27-29)
depend on the estimated parameters, and they must therefore be
updated after each step of the iterations, at least in principle.
However, the optimization of § is only moderately dependent of
the error propagation. Hence the partial derivatives with respect
to the independent variables are not updated in each iteration
step.

The parameters § are estimated with fixed values of the resultant
variances (Eqs. 27-29). New partial derivatives for the error
propagation are calculated from the present estimate of the pa-
rameters, and the updated resultant variances are used for a new
estimation of the parameters. This procedure is carried out until
convergence is achieved. According to our experience the partial
derivatives are recalculated three to five times for a typical prob-
lem. The above-mentioned moderate influence of the error
propagations supports furthermore the use of numerical derivatives
for the calculation of resultant variances.

" The use of a relatively slow optimization algorithm of the direct
search type is justified by a relatively low number of computations
of partial derivatives. The search methods converge even from poor
initial estimates of the parameters 6.

As suggested in the derivation of criterion 24 and in Appendix
1 any criterion based on the multiresponse maximum likelihood
principle will lead to identical estimates of the parameters in
question. Table 1 illustrates numerically this identity between the
criterion 24 derived in this paper and the criterion 7 by Anderson
et al. (1978).

SIMULATION STUDIES

Reduction of VLE data was used to compare the quality of pa-
rameters estimated from different criteria. In these studies the
parameters to be estimated are the interaction energies of a model
for the excess Gibbs’ energy (e.g., Wilson or UNIQUAC). If the
models described phase equilibria perfectly it would be possible
to compare the criteria by extrapolation, i.e., by predicting VLE
information at conditions not included in the reduced data set or

TABLE 1. PARAMETERS ESTIMATED BY TWO CRITERIA BASED ON THE MULTIRESPONSE MAXIMUM LIKELIHOOD PRINCIPLE.

Assumed standard deviations of the measurements: o, = g, = 0.0001, o = 0.01°K, 0p = 13.3 Pa

Page in UNIQUAC parameters [J/mol]
Gmehling Eq. 24 Eq. 7
Systems and Onken’ ap a1 axz a
Ethyl Iodide—Ethanol 318 3037.1 —-112.8 3037.5 —-112.9
Chloroform—Methanol 19 5287.0 —-1115.9 5287.7 -1115.7
Acetone-—Methanol 85 2875.5 —1015.0 2875.8 —1015.1

§ Experimental (x,T,y,P) data were taken from the VLE data collections by Gmehling and Onken (1977). The same source provided the 7 and g values for the UNIQUAC model and the Antoine con-

stants.
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by predicting properties which are related to VLE through ther-
modynamic relations (e.g., HE). However, none of the existing
models are error-free. The suggested possibility for comparison is
therefore hypothetical since the extrapolations will inevitably
contain systematic model errors which cannot be separated from
the errors in the parameters.

The only real possibility is therefore a statistical investigation
of the estimated parameters. If the probability density functions
corresponding to the criteria were simple mathematical expressions
it would be natural to compare the parameter estimators directly.
However, since we deal with nonlinear models and relatively
complicated relationships between the variables in question it
would in practice be impossible. We have therefore two choices,
a) Repetition of the same experiment several times. b) Monte Carlo
simulation of the experiments. We chose alternative b).

Our simulation studies have the following two main purposes,

1) Comparison of the maximum likelihood criteria (Egs. 5, 7 and
24) including all observed variables with other common eri-
teria.

a) Comparison of weighted and unweighted criteria.

b) Examination of the improvement obtained by reduction of
data for all observed variables compared to reduction of
subsets.

For this part of our simulation studies only random errors

were added to the true values of the observed variables.

2) Investigation of the possibilities to detect systematic errors in
the measured data or in the applied model.

The following procedure was used for our simulations (cf., Bard,

1974)

1) Define the system. Assign values of the parameters §* and of
the variances of the probability density functions of measure-
ment errors (mean values are zero).

2) Generate the true values of variables in the i’th data point: Z;
i=1,...,n)

3) Generate pseudo random numbers of the prescribed probability
density function and add them as errors (¢; and &;) to the Z; true
values. The resultant values are the simulated “measurement
data” Z;.

4) Estimate the p parameters from the Z; data. This procedure
gives the 0; estimated parameter vector and eventually the es-
timated values of the variables Z, if criterion 7 is used.

5) Repeat steps 3 and 4 N times generating new random numbers

in each cycle.
6) Calculate the characteristics of the empirical probability dis-
tribution of the estimates,

A = N .
E@)=0=1/N3 0 (83)
j=1
(the estimated expected value of the estimator)
A N n s s
&V(l) = —— 3 @ -l - b (34)
=7 N-=-pj=1
(the estimated covariance matrix of the estimator), where N is the

total number of repetitions, We often used N = 50.
The estimated bias is,

(=~}

b=0-06* (35)

The mean square error is useful for characterizing the estimators
because it combines the covariance and the bias of the estima-
tors :

MSE = E[(§ — 6*)7(@ - 6*)] (36)
An estimate of MSE is given by,

MSE =1 3 8, - 670, - 8%) (37)
NS

Comparison of 8 Different Criteria with Datasets Subject to
Random Errors

The criteria which we have investigated are summarized in
Table 2. A detailed description of the criteria A-F is given by Ke-

~mény and Manczinger (1978).

The first two criteria of Table 2 use the x,T,P subset of the
measured data while the criteria C and D use the x, T,y subset. Due
to proper weighting according to the maximum likelihood principle
with error propagation we recommend criteria B and D for subsets
(Kemény and Manczinger, 1978). Criteria E and F were used by
Sutton and MacGregor (1977). These criteria include only one
response while they make use of data for all the four variables
(x,T.y, and P). Criterion G was proposed by Kemény and Manc-
zinger (1978). This criterion neglects the covariance of the system
responses In<y,/7v2 and P due to errors in common independent
variables.

The last criterion H, Eq. 24, is identical to several other criteria

TABLE 2. ESTIMATION CRITERIA FOR REDUCTION OF VLE DATA. THE CRITERIA A-D REDUCE SUBSETS WHILE CRITERIA E-H
REDUCE THE FULL DATA SETS (x,T,y,P)

No. Objective Function
n ~
A > (Py—Py)?
=1
n ~
B ?—:'1 (Py = P2/ s lapy,
n
c 21 (Iny1/vor = Iny 1/ Yo )?
=
L
D ‘g (oy /Yo — D314/ 520)%/ 0 Fatnri/ven
n
E i):l (G — 9 )**
n
F 2 (G- yi)z/U(sz)‘*

EN
-

G . (Inyy/vor — I 10/ ¥ 2002/ 0 fatnys/van

+ X (P —pt)z/‘f(zu’);

-
U

H i (AP)¢(ln‘)‘14/'th - lﬂ’?u/‘s’zt)z + U(2Aln71/72)4(Pi - pi)z

=1 OFalr1/ v 0 Tapn = [0(alnyi/va,0p) 2
_ i‘: 20(ainyy/ vy (I0Y1/ Yor = InF 1/ F 2 NPy — By)
i=1 Ofainm1/ vk (aPy — [O(alny1/ v, P12

o _ TV uPhol
g = s L 1P
© Pigu
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TABLE 3. SIMULATION RESULTS FOR AN ACETONE-BENZENE
SYSTEM AT 1.013:10° PA. THE SIMULATED MEASUREMENTS
CONTAIN ONLY RANDOM ERRORS. N = 50, n = 13.

- - -
Crite- L Io ot ot Glpls MSE
rion  (J/mol) (J/mol) X 1073 X108 X107% Xx1073
A 2506.7 —823.2 22.8 8.76 —14.0 31.8
B 2507.6 —823.4 23.2 891 —~14.2 32.3
C 2492.2 —816.5 21.6 7.82 —~12.5 29.4
D 2502.2 —822.5 4.24 1.55 —2.41 5.88
E 2505.8 —823.8 9.58 3.02 -5.27 128
F 2510.1 —825.8 9.53 2.98 -5.23 128
G 2503.5 —823.1 3.58 1.24 —2.02 4.94
H 2503.7 —823.3 3.54 1.25

—2.03 4.92

True Wilson Parameters: If = Ajs — Af| = 2493.2 J/mole
13 = Mg — Aie = —818.5 J/mole
Applied Random Errors: 0, = ¢, = 0.001
or =0.1°K
op =133.0Pa

based on the multiresponse maximum likelihood principle (e.g.,
Egs. 5and 7).

The first part of our investigations is comparable to the investi-
gations by Sutton and MacGregor (1977) and by van Ness et al.
(1978). The former authors compared only two estimation criteria.
Our work can be regarded as an extension of their studies. We have
not adopted the method of van Ness et al. for our simulation studies
since their method do not guarantee statistical independence of
the data sets from different cycles.

Table 3 shows the details of a simulation for an acetone-benzene
isobaric system. All the estimates of [, and /3 are unbiased (checked

2
<}
(4P) 0° A
9
8 - Aoebne-bemece
7 6, =6, = 0,00 am
HBE 6, =0l 6,=133,0
5
. RRRREED
3 \Acewne - benzene
‘\\ 6, = 8, = 0,002
[ % 6= 0.02; 65133
2
K
\
I
104 \ "%
9 \ o=
8
’ N
X
6
"\ Ethanol - Triethylamine i
5 \.  Sx= 6y~ 0,001 ”
. 6,-0.02; 6, = 26,6 o
o N ]
3
2
K)3
0 Q2 0.4 0,6 0.8 10 x

Figure 1. Resultant varlances of AP for three binary VLE systems. Units:
T[°K], P [Pa].
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by t-tests) and strongly interrelated since the covariance term has
a very large value. For this system weighting does not improve the
properties of the estimated parameters when the subset x,T, P is
used. This is due to the fact that the resultant variance afsp) is al-
most constant (Figure 1). Figures 1 and 2 show the resultant vari-
ances of the transformed dependent variables of criterion H. The
variations depend on the system in question as well as on the as-
sumed variances of the measurement errors.

Results in terms of mean square errors for simulations with 3
different binaries and various source variances are shown in Table
4. For subsets the weighted criteria (B and D) give better results
than the corresponding unweighted criteria (A and C): The im-
provements from weighting depend on the accuracy of the data
(04,07,0,,0p) and on the system in question. Criterion H of Table
4 is the best for reduction of complete data sets (x,T,y,P). Criterion
G is slightly inferior due to the missing covariance term. The
weighted criterion F proposed by Sutton and MacGregor (1977)
is in most cases better than the corresponding unweighted criterion
E. However, in some cases the result is worse than the result ob-
tained with the subset x, TP, i.e., from criterion B. Thisis a con-
sequence of the erroneous use of information on the vapor phase
composition and the result may be worse than by neglecting this

-3

2 10
6, 9 !
(Ah%) o]
6
51§} Acetone — benzene 1
T\ "o - ooz
4 q-o.oz, 6p=1330 ‘
|
, I
44 |
|
\0'9"
s L1\ ‘
7
6
s /
A | Nl |
¢ \
3 - Acetone - benzene

6, = 6y= 0.001
61.-0.13 63-13'3

2 l S

!

16°

HE ]
7 + —| ]
6 ¥
. |
4
; L1

Ethanol -~ Triethylamine

N 6=9% - 0,001
2 67 =002 ; 65 = 26,6
\‘\ »

0 0.2 04 a6 ‘a8 10 «x

Figure 2. Resultant varlances of Aliry+/7, for three binary VLE systems, Units:
T[°K], P[Pa].
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TABLE 4. SIMULATION RESULTS FOR THREE DIFFERENT BINARIES. THE MEASUREMENTS ARE SUBJECT TO RANDOM ERRORS. N = 50

FSE X 1078 §
Data set Ethanol-
Acetone-Benzene Ethanol-Triethylamine Isooctane
Criterion 1 2 3 4 5 6
A 31.8 15.1 93.6 97.5 64.7 185.0
B 32.3 8.64 40.1 47.8 19.7 39.2
C 29.4 120.0 788.0 6650000, 9910000.0 674.0
D 5.88 22.8 469.0 2930000. 135.0 61.9
E 12.8 324 208.0 348.0 248.0 577.0
F 12.8 26.2 162.0 176.0 125.0 52.6
G 4.94 7.86 42.3 56.7 213 30.0
H 4.92 4.82 23.0 43.5 18.3 24.2
A2 — A1 (J/mole) 2493.2 2493.2 2493.2 -6070.9 —6070.9 9633.4
Az — Asz (J/mole) —8185 —818.5 —~8185 2679.5 2679.5 1089.8
P (kPa) 1013 101.3 101.3 101.8 101.3 —
T (°K) — — — — — 349.15
n 18 13 13 5 13 10
Oy = 0y 0.001 0.002 0.005 0.001 0.001 0.005
a¢ (°K) 0.1 0.02 0.02 0.02 0.02 0.1
op (Pa) 133.0 13.3 13.3 26.6 26.6 70.0
§ Mean square error of the estimated parameters.
piece of information. For each simulation a correct multiresponse ables. The test quantity R; is defined by
maximum likelihood eriterion (criterion H of Table 4) which takes .
into account the existence of two dependent variables will lead to R, = Aj (39)
the smallest MSE value. This means that the probability of esti- S}
mating parameters strongly deviating from the true values is the where
smallest with this method. T
Aj= é(T——l) > (AZj)iyr — (AZy),)?
Prospects for Detecting Systematic Errors from the Estimated 1 =1
n - —
True Values of the Varlables SIZ = 3 421 (« AZj) ; — (AZ j))z

The parameters obtained by means of criterion 7 by Anderson
et al. (1978) are identical to the parameters obtained by means of
any other multiresponse maximum likelihood method. Yet, it yields
some additional information, namely the estimated true values of
the measured variables. In the case of small normally distributed
errors and a perfect model, these estimated values give no new
information when compared to other criteria (e.g., Eqs. 5 and 24).

This is due to the fact that the variances calculated from the esti- -

mated residuals will be asymptotically identical to the assumed
variances of the measurement errors as the number of experimental
points increases.

A simulation study was carried out with data containing sys-
tematic measurement errors or errors due to model imperfections.
The systematic measurement errors were superimposed on the
measurement data Z; (step 3 of the simulation). We have investi-
gated the influence of systematic errors (Aj§,AT,AP)ony, T, and
P given by the following expressions,

Afh = fg(xi - !It)
AT! = ET ‘ (38)
Aﬁi =£p

The relative systematic error on y was applied due to the fact that
errors in the vapor phase composition are caused by condensation.
It is therefore reasonable to assume that these errors depend on the
difference between the compositions of the two phases.

The systematic model errors were introduced by the use of two
different models for the generation respectively the reduction step
of the simulation. We used the Wilson equation for the generation
step while the UNIQUAC equation was used for the data reduc-
tion.

The Anderson criterion was used throughout the studies on

systematic errors to enable the detection of possible valuable in--

formation gained from the estimation of true values of the vari-
ables.

A test similar to Abbe’s test (Linnik, 1961) was used for the de-
tection of systematic trends in the resulting residuals of the vari-

AIChE Journal (Vol. 28, No. 1)

The test has two critical regions. If R; exceeds unity significantly,
the oscillations of the residuals are faster than the expected oscil-
lations of random errors. The upper critical value of R; is 1.42 for
n = 13 on a 95% confidence level. If the residuals exhibit a sys-
tematic trend, either monotonous or slowly oscillating, the suc-
cessive differences of A}will be relatively small. In this case R; will
decrease to values significantly smaller than unity. The fower
critical value of R is 0.58 for n = 13 on a 95% confidence level.

In order to check the residuals of the variables for systematic
off-sets from zero mean value a ¢-test was carried out. The test
quantity is

o -/
e

where

a7, =1 ¢ Az,

’ n =i
The critical region is given by
p; <t(n = 1)as2Vp; > tin — D)1—q2

on an « confidence level.

Table 5 shows the results from simulations with an acetone-
benzene system at 1.013 bar applying random as well as systematic
measurement errors. The UNIQUAC equation was used for both
data generation and data reduction. No model errors were thereby
introduced. Abbe’s test for randomness rejects systems with sys-
tematic errors which are significantly larger than the random er-
rors. However, the estimated true values of the variables give little
or no information on the source of the systematic errors. This is due
to the fact that the maximum likelihood principle is based on the
assurnption of random errors. The systematic errors are distributed
to all the estimated variables according to the assumed variances
of the random errors. In some cases (systematic errors on y) the
t-tests for systematic off-sets rejected systems which the Abbe’s test
accepted. This demonstrates that these two tests supplement each
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TABLE 5. SIMULATION WITH AN ACETONE-BENZENE SYSTEM AT 1.013:105 PA. THE MEASUREMENTS ARE SUBJECT TO SYSTEMATIC AS

WELL AS RANDOM ERRORS. N = 50. n = 13.
Abbe’s Test: Rejections of Randomness
Hypothesis, 90% Confidence Level
Random Errors Systematic Errors x T y P Any
g, = 0, =0.001 {r =0.05°K 34% 36% 12% 34% 58%
o1 = 0.01°K {p =67.0Pa 10% 4% 8% 4% 20%
op =13.3Pa {y = 0.025* 28% 16% 36% 16% 58%
7: = oy = 0.0001 ¢{r =0.05°K 100% 100% 100% 100% 100%
or = 0.001°K {p =67.0Pa l 100% 100% 98% 100% 100%
op =1.33Pa fg = 0.025* 100% 100% 100% 100% 100%
# ¢-tests on the residuals of x and y showed a ic offset from zero mean value in all cases. Confidence level is 90%.

other. The maximum information which can be extracted from
the estimated true values of the variables is an indication of whether
the data contains systematic errors. Furthermore, this is only true
if the model used in the data reduction is inherently able to rep-
resent the true values of the variables. If this is not the case, further
confusion will be introduced by mode! errors. Estimation of the
true values of the variables gives therefore at best the same infor-
mation on systematic measurement errors as a point to point con-
sistency test of the type recommended by a Van Ness et al. (1973).
Models for GE introduce model errors for most systems. It is often
impossible to extract information on systematic measurement errors
from the estimated values of the variables calculated by means of
such models.

Table 6 shows the mean square errors (MSE) for simulations with
an acetone-benzene system. It may be seen that the estimation of
true values of the variables and of the parameters is affected by the
presence of systematic measurement errors. The MSE values reflect
the biases and the variances of the estimators. The estimation
method is not able to arrive at the true values of the variables or
of the parameters from data subject to systematic measurement
errors. This indicates the limited possibilities of methods which are
based on the assumption of random errors.

Table 7 shows the results from simulations where the data re-

duction is carried out with one model (UNIQUAC) while the data
generation is carried out by means of another (Wilson). For the
acetone-benzene system with realistic random errors the ran-
domness hypothesis was accepted in most cases. This means that
the model used for data reduction represents the generated data
introducing no severe systematic errors. When very small random
errors are applied, even modest model errors are detected by the
modified Abbe’s test. For the hexane-methanol system the ran-
domness hypothesis is rejected in all cases. The UNIQUAC equa-
tion is not able to represent the generated experimental data
without significant systematic errors.

Abbe’s test gives information about randomness of the residuals.
However, for the comparison of the ability of different models to
represent a given data set the value of the objective function is
sufficient since it directly reflects the magnitude of the residuals.
The two types of model tests are to some extent overlapping since
it is most likely that severe model errors will cause systematic errors
in the estimated variables.

The two simulation studies on Eq. 7 lead to the conclusion that
the estimation of true values of the variables gives no essential in-
formation which could not be obtained from other well known tests
of the data or models. However, a combination of a perfect fitting
equation with Eq. 7 could be used for consistency tests. It is

TABLE 6. SIMULATIONS WITH AN ACETONE-BENZENE SYSTEM AT 1.013 X 10° PA. THE MEASUREMENTS ARE SUBJECT TO SYSTEMATIC

AS WELL AS RANDOM ERRORS. N = 50, n = 13.
N
Random Errors MSE
T P
oT op Systematic x (X 10%) y (X 107%) ale as
oy oy °K Pa Errors (X 10%) °K2 (X 109) Pa? (J/mol)2  (J/mol)?
0.001 0.001 0.01 133 None 2.90 1.05 2.65 0.217 10.9 32.3
¢r = 0.05°K 9.86 305 5.58 0.226 29.2 55.7
¢p =67.0Pa 4.49 1.10 3.16 5.95 13.4 34.2
fy = 0.025 37.5 1.16 50.7 0.220 54.9 208.0
0.0001 0.0001 0.001 1.33 None 0.039 0.012 0.031 0.0021 0.187 0.376
{r = 0.05°K 7.41 30.0 2.82 0.0112 17.6 21.8
{p =67.0Pa 1.46 0.074 0.59 5.70 2.94 3.19
fy = 0.025 35.0 0.129 49.1 0.0057 44.0 181.0

TABLE 7. SIMULATIONS WITH 2 DIFFERENT BINARIES AT 1.013-10°5 PA. THE MEASUREMENTS ARE SUBJECT TO RANDOM ERRORS AND
THEY WERE GENERATED BY MEANS OF THE WILSON EQUATION. THE UNIQUAC EQUATION WAS USED FOR DATA REDUCTION.
N =50, n = 13

Abbe’s Test: Rejections of Randomness
Hypothesis, 90% Confidence Level
T

Systems Random Errors* x Yy P Any
Acetone-
Benzene g, = 0y, = 0.001, o7 = 0.01, gp =133 6% 14% 10% 14% 28%
o: = g, = 0.0001, o = 0.001, op = 1.33 100% 100% 66% 100% 100%
Hexane-
Methanol o; = 0y, =0.001, or = 0.01, op =133 100% 100% 100% 100% 100%
6x = 0, = 0.0001, 67 = 0.001, 0p =1.33 100% 100% 100% 100% 100%

* Temperature in °K, pressure in Pa.
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therefore possible to perform consistency tests and estimations of
model parameters using the same Eq. 7.
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Appendix 1

Eq. 10 by Box (1970) can be derived using results of Clutton-
Brock (1967) for one dependent variable.

The conditional normal probability density function (pdf) for
the j’th dependent variable (Y;) can be written as

—y, (Y, = £(X*)? (A1)

Y:|X*) =
¢s( ]l_ ) \/2—7?0'}” exp 0'%"
where the true value Y] of Y; is given by
= f;(X*)

and X* is the true values of the independent variables. Let us define
the random variable AY; by,

AY; =Y, - f;(X) = (Y; = Y]) + £;(X*) ~ f;X)

~ (0= Y)) + 3 (X~ Xf(X0) (A2)

For our purpose it can be supposed that

Cov(X;,Xx) = Cov(X;,Yx) = Cov(Y,,Yx) =0, j =k (A3)

AY; is a sum of two random variables following Gaussian distri-
butions with zero expected value. AY; is therefore itself a Gaussian
distributed random variable with zero expected value. The vari-
ance of AY; is given by,

Var[(Y; — f;(X))|X*] & Var(Y; - Y))
- kz; (F{(Xx)2Var(Xg — X3) = o}, + ’gl (X))o

= ol (A4)
The pdf is,

i i £;X)
¢:l(Yy =~ HXDIXT) =~ \/_2;{7(1.\.)(1) (—1/2 ( U(AYj( ) )
(A5)

In Eq. A4 f;(Xk) is used instead of the strict f;(X}). For fixed values
of X Eq. A5 can be considered to be a conditional pdf;

6s(Y;]X) = ¢s((Y; — fEN|X*) (A6)

The density functions ¢,(Y;|X*) are independent of each other
for different Y; variables while the ¢(Y;|X) density functions
depend on each other since the random variables X are contained
in each conditional pdf. For instance, the pdf for two dependent
variables is given by,

1

$s(Y14,Y2: | Xo) =
: 27V 6lay 40 {avay— (0(avy.a12))

Ty, 05
exPl — JSHLICEY ]
20 (a0 {avay — (0(av,,av2))
[(Yu filXy ) — 20(ay,avp) (Y3 — H1{EX)DY e — f2(Xs))
T(ary . Otavinolavo
Y

( 2 fz__s)) ]} (A7)

J(AY2)

The likelihood function is the product of the density functions. Its
maximization is in practice equivalent to minimization of the

AIChE Journal (Vol. 28, No. 1)

function
a Ttanin O taran [(Yu = f1(X,0 ))2
i=1 0far)Olaren — (o(ar,ava))? og(aY)

(Y = FilXe ) (Yo — fo(Xe.8))
"7(2AY1)( U(ZAYz)t .
+ (Ym — falX ,Q]))2] (A8)
O(AY2)

where we have introduced the vector 0 of the model parameters
in the functions f; and f,.

If reduction of F; transforms is desirable instead of reduction
of Y; values themselves (AF ) must be introduced into into Eq. A8
instead of (AY;). It follows from the error propagation law (Taylor
series truncated after-the first order term) that

J(AFy)|?

—20(ay),aY)

Otary = ATy, ofaviy (A9)
o(AF,)|2
Ofara = bi Ayi; ° favax (A10)
_ [2(AFy)] [2(AF,)]
O(AF),AFg) = 2(AY,) ‘[a(Ayz)]‘ O (AY1,AYz) (A11)

Criterion A8 is now identical to Eq. 12. The multivariable Gaussian
pdf for the mutual distribution of Y and X is,

1

4 3
(@m)r+s)/2 H o, I1 ox
k=1

v — *
exp [ ) Z ( Xk) 2 X‘L—il'()_(_))z” {A12)
)¢} j=1 Oy,

This density functlon leads directly to Eq. 7 by Anderson et al.
(1978). The density function (Eq. A5) leads to Eq. 12. Since Egs.
A5 and Al2 are identical within the order of magnitude of the
errors caused by neglecting higher terms of the Taylor series the
two criteria 7 and 12 are identical.

¢s(Y.X|X*) =

APPENDIX 2

Computer Programs

The random error generation is based on a program used in a
work by Shakina and Kemény (1978). The program generates N
data sets with n observations of x, T, y and P in each. These data
sets are written into a file. Standard IBM SSP subroutines were used
for the generation of random numbers. Two alternative prorams
were used for the data reduction part, namely a program based on.
criterion 24 combined with the Hoocke and Jeeves search method
(Kemény, 1980) and a program based on criterion 7 combined with
the Levenberg-Marquardt method for sums of squares (Skjold-
Jgrgensen, 1980). The computer programs used for the simulations
are available from the authors.

NOTATION

A = see Eq. 39

412,491 = interaction parameters of the UNIQUAC model
Cov = covariance matrix

C  =seeEq. 15

D = see Eq. 25

E = expected value

f = some function

F = transform of the dependent variable
g = some function

n = number of data points

N = number of cycles

P = number of parameters

P = pressure
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= number of dependent variables
= test quantity for Abbe’s test, Eq. 39
= gas constant

= number of independent variables
= see Eq. 39

= temperature

Var(i) = variance (identical to ¢?)

= see Eq. 15

liquid phase mole fraction
independent variable

vapor phase mole fraction
dependent variable

= measured variable

v » -
~ gﬂlﬂ

N~ bR g
It

Greek letters

Y = activity coefficient

o = error in X

A = difference between an experimental value and the
corresponding true value

error in Y

parameter vector

interaction parameter of the Wilson equation

= parameter for systematic measurement errors

= test quantity for the ¢-test

= variance

= fugacity coefficient

o = probability density function

D QD NI

Superscripts

ik = element j,k

T = transposed

0 = reference state

-1 = inverse

. = systematic error
= estimated

w = infinite dilution

* = true value
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